
Application

1 . πk(S
n)=0, if k < n.��������� simplicial approximation 	�
������� Sn \ {point} ' Rn � � contractible � ������� ����� "!# $ � �&%')(+* �-,.� . Sk /1032�4 Sn 56879 : � �� � α : � onto ;�<=?> �A@������CBEDF , Sn G�HI /10J2�4 α KL

image : � > ��M�NF 	EOP x0 Q# $SR�TUWV�XY[Z�\]?^_ `bacedf Sn \ {x0} ' Rn � � contractible � �.g6h79ij (lk�m� � �onprqtsvu�xwy q[z � .BE{F}|-~ simplicial map ,.����� �� � p-skeleton !# $ p-skeleton 56879 �9���� g6h79 α KL simpli-
cial approximation α′ �� � onto : ���� � ^_ ���� df , � �C��� 2�4 α′ �� ������ 	EOP 56879 contractible* � df α ' α′ � ��g6879 α �� contractible * � z � .� � ij (�k�m� /10J2�4 base point

�� � vertex : ���� ����  ¡ simplicial complex ¢£¥¤� Q# $ Sk ��
Sn /10 	EO¦t§ HIx¨©�«ª¬ � z � . b®¯±°³²´ 	�
���� KL Remark /10 KL¶µ�· α(base point) = α′(base point) ���¸_¥¹�º �� G�HI�»¼rq ���� df , b®¯±°³²´ 	�
�½�� 5 ij (�k�m� /10J2�4 homotopy F : � base point Q# $ fix ���� z �df : � 	�
� * � ¹³¾ �� ¿À Á z � .
2 . i : Kk+1 ↪→ K induces an isomorphism i∗ : πk(|K

k+1|)→ πk(|K|).

��������� BE{F}|-~ simplicial approximation thoerem !# $ � �W%')(�* �ABEDF epimorphism � ������ � ��� �� � ÂÃ ij (�k�m� /1032�4ÅÄ�ÆJÇ�ÈP ,.� k�m� * � z � . � �EÉ�Ê 1-1 `baP !# $ �9 � �Ë,.� . 1-1 `baP !# $ �9 � �ÍÌ��
ÂÃÎµ�· � �-ÏEÐF /10 �9ÒÑ�ÓcÕÔ×ÖF z �Ø%j Ù note Q# $ � �&%')(+* �-,.� .
Note. α : Sk → X represent a zero element in πk(X) if and only if

∃ extension α : Bk+1 → X.

¹�º3Ú�ÛF {α} ∈ πk(|K
k+1|) : � i∗ /10 KL¶µ�· identity 79 Ü <= z �ABEDF , ÂÃ KL note /10 KL¶µ�·

extension α : �¶ÝÞ �oß · * � df z �½%j Ù diagram � � svu�áà�âã ���� z � . ¹³¾ Ì�� 2�4¥Ä�Æ %j Ùåäæèç ~ α Q# $
simplicial � �-��� : � 	�
� µ�· �� G�HI+»¼rq ���� z � .
|Kk+1| → |K| |Kk+1| → |K|
α ↑ ⇒ α ↑ ↑ ∃α
Sk Sk ⊂ Bk+1

¹³¾ Ì�� 2�4 α KL simplicial approximation α′ Q# $êé ®ë 56 BEDF
Kk+1 → K
∃α′ ↖

Bk+1

: �t�� df � ��ìbí b®¯�°³²´ 	�
�½�� KL remark /10 KLåµ�· 2�4 {α′|Sk} = {α} ��� ¸_î¹�º �� wy qtz � .ïð¥ñ {Fóòõô |Kk+1| /10J2�4 {α′|Sk} = 0 � �.g6h79 {α} = 0 � � z � . � �A��� 2�4 1-1 `baP !# $ �9öÑ�Óc z � .
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3. Edge-path group

v0 ∈ V (K) /10ø÷ � µ�· 2�4

Ωs(K, v0)=the set of closed edge-paths based at v0
={v0vi1 · · · vikv0 | vi ∈ V (K) and {v0, vi1}, · · ·, {vik , v0} : 1-simplices

in K}

� �ËÉ�Ê Ωs(K, v0)
/10 equivalence relation s

∼ Q# $ z �½%j Ù 3 : �bùú� equivalence /10 KLåµ�· gen-
erate wy q ��� 56879 ûæ ,.� .
(1) · · · vivi · · ·

s
∼ · · ·vi · · ·

(2) · · · vivjvi · · ·
s
∼ · · ·vi · · ·

(3) · · · vivjvk · · ·
s
∼ · · ·vivk · · · if < vi, vj, vk > is a 2-simplex in K

� �üìbí Ωs(K, v0)/
s
∼ := E(K, v0) Q# $ (K, v0) KL edge path group � �-��� df ���� z � . � �ìbí group operation �� � juxtaposition � � z � .

E(K, v0) : � group � ��ýþrÿ !# $ �9 � �E,.� . BE{F}|-~
((v0vi1 · · v0)(v0vj1 · · v0))(v0vk1 · · v0) = (v0vi1 · · v0)((v0vj1 · · v0)(v0vk1 · · v0))�� � ÂÃ � Ê : �Íùú� equivalence /10ø÷ � µ�·±svu�«à�âã * �3g6879 ���´ Z�\��� �ã����	 !# $ ;�<= i
 ¡ * � df ,
{v0} ∈ E(K, v0) : � group operation KL identity : �+wy qtz � . ïð �� df (v0vi1 ···vikv0) ∈
E(K, v0)

/10 ÷ � µ�· inverse
�� � (v0vik · · · vi1v0)

: � wy q[z � . � �C��� 2�4 E(K, v0)
�� � group� ��wy q[z � .

������� 1 E(K, v0) ∼= π1(|K|, v0)��������� ¸_ group � � � � KL isomorphism !# $����� Ì�� ÂÃÎµ�· BE{F}|-~ z �½%j Ù����� ^_ Q# $ R�TUWV�XY * �-,.� .
φ : Ωs(K, v0) → Ω(|K|, v0)/ ∼

v0vi1 · · · vik−1
v0 7→ {α}

where α : I → |K| is a piecewise linear map representing simplicial loop cor-
responding to v0, vi1 , · · · vik , v0.

� � φ /10 KLåµ�· induce �� �� � φ] : Ωs/
s
∼ → Ω/∼ !# $ Ñ È� !# $ ^_ `bac df , � � ìbí z �½%j Ù��! : �

ùú� Q# $ �9 � �E,.� .
(1) φ] is well defined :"$# &% {F(' í equivalence relation

s
∼ /10ø÷ � µ�· φ](v0 · ·vivi · ·v0) = φ](v0 · ·vi · ·v0) `baP !# $b®) ^_ `bacedf , * �,+ º ùú� ¸_.-0/ /10Å÷ � µ�· 2�4 �� 1 ��2�34 : �bùú� 79 56 798 NF Z�\]�^_ `bac z � .

(2) φ] is a homomorphism :
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φ(v0vi1 · ·v0) = α �� φ(v0vj1 · ·v0) = β /10 ÷ � µ�· φ((v0vi1 · ·v0) · (v0vj1 · ·v0))�� � juxtaposition /10 KL¶µ�· α �� β KL juxtaposition 56879 : � df � � �� � φ((v0vi1 · ·v0)) ·
φ((v0vj1 · ·v0)) �� : ®; z � .

(3) φ] is onto :`baP KL KL α ∈ π1(|K|, v0)
/10 ÷ � µ�· α KL simplicial approximation α : ��ÝÞ � ß · ���� z � .

φ](α) = α : �l�� ¹�º onto � � z � .
(4) φ] is 1-1 :

α , β ∈ Ωs
/10 ÷ � µ�· φ](α) ∼ φ](β)

� �-��� df : � 	�
� * � df α
s
∼ β `baP !# $ �9 � �E,.� . BE{F}|-~

α, β /10�÷ � µ�· V�XY V�XY z �Ø%j Ù&<= : ®; � � α′, β′ !# $ é ®ë ,.� . φ](α) �� φ](β) � � � � KL homotopy
F , F (0, t) = α(t), F (1, t) = β(t) /10o÷ � µ�· F KL simplicial approximation(G ��� ¸_,.� ) � �tÝÞ �oß · * � �� �  ¡ z �½%j Ù><= : ®; � � subdivision ���� z � .

α

β

α′

β′

G
−→

¹³¾ Ì�� 2�4 G(0, t) = α′(t), G(1, t) = β ′(t) 56879 ¸_ Ñ Èc !# $ ìbí , α s
∼ α′, β

s
∼ β′ ��� : �

	�
� * � ¹³¾ �� ?_A@CBD * � z � . EF *�G * �ABEDF , α KL �����HI ¢£ Ü <= � � 1-simplex < v,w > 79 V�XJ z �
BEDF , � � ��� KL subdivision �� � /LKNMPOF ÷ � < v,w >,< w,w >, · · · < w,w > 79 �9 ���
BEDF α

s
∼ α′ � � df φ(α) = φ(α′) � �Åwy q[z � . φ(α′) �� φ(β ′) � � � � KL homotopy F KL

simplicial approximation G
�� � α′, β′ : � � �RQ.� simplicial � ��g6879 G0 = α′ � � df

G1 = β′ ��� df : � 	�
� µ�· �� ¿À Á z � . � �A��� 2�4 α′ s
∼ β′ Q# $ �9 � �-BEDF α

s
∼ β `baP !# $ �9TSVU´ ^_ `bacz � .
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α′

β′

v0 v0

ÂÃ ïðXW �Y /1032�4[Z�\ ^]_ `badce G Xf V�XYhgRij äæèç ~ * � * ��k a¦ s
∼ !# $ 	EO¦ %')(�* �ABEDF , α′ s

∼ β′ `baP !# $ b®) ^_ `bacz � .

4. Graph

A 1-dimensional simplicial complex is called a graph.
A simply connected simplicial complex is called a tree.

l m
n

o

p

q

4



rsutv ������� 2 A graph K is a tree if and only if it is contractible.
���������
(⇐) clear.
(⇒) Fix v0 ∈ V (K).∀v ∈ V (K), choose a path αv from v to v0.
Define F : V × I → |K| by F (v, t) = αv(t).Then
For each edge σ, define F : |σ| × I → |K| as the following picture.

I

vi vi+1σ

αvi+1
αvi

v0

F
−→ |K|

¹³¾ Ì�� 2�4 |K| : � simply connected � � df � �wQ.� boundary condition !# $ b®)�df `bac 56 g6
79 |σ| × I KL ��� äæ 79 extend x ��y�z{ ^_ `bac %j Ù /10 ûæ KL * �-,.� .ïð}| º BEDF F ||σ|×I : ��~��F��� � � ��g6879 F : |K|×I → |K| �� ~��F��� � � � df F0 = id, F1 = v0

� �
g6879 contractible

8 NF ��� è!# $ 56 7�8 NF * � Ñ�Óc z � .
rsutv ������� 3 Let K be a connected simplicial complex. Then
(1) K contains a maximal tree.
(2) Every maximal tree contains all the vertices of K.

���������
(1) Use Zorn’s lemma.

Let T be the collection of all the trees in K. Then T is a partially ordered set
with respect to inclusion.
Let {Tj} be a simply ordered set of trees in K. And T =

⋃
Tj. Then T is

simply connected.
∵ For given α : S1 → T, α(S1) is compact. Hence it is contained Tj for some
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j. Consequently, α ' const. in Tj, hence in T .

By Zorn’s lemma, there exists a maximal element in T .

(2) Let T be the maximal tree. Suppose that T does not contain all the vertices
of K. Then ∃v1, v2 ∈ V (K) s.t v1 ∈ T and v2 /∈ T and {v1, v2} is a 1-simplex
in K.

T1 := T ∪ {{v1, v2}, {v2}}. Then |T | is a strong deformation retract of |T1|.
Hence T1 is simply connected and hence a tree containing T properly. This
contradicts to the normality of T .

Note (1) In fact, given a tree T , ∃ a maximal tree containing T .
(2) A tree containing all the vertices of K is maximal.

(1) KL ij (lk�m� �� � lemma KL ij (�k�m� <= : ®; �� � ��� � � df , (2)
�� � edge-path group !# $����� ¤� * �

BEDF����� -�� 56 7�8 NF Z�\]ê^_ `bac z � .(exercises)
Let T be a maximal tree in K.
Let G be the group generated by the oriented edges (v, v′) of K with the fol-
lowing relations.

(a) (v, v′) ∈ T ⇒ (v, v′) = 1
(b) (v, v′)(v′, v) = 1
(c) v1, v2, v3 are vertices of a 2-simplex in K.Then

(v1, v2)(v2, v3) = (v1, v3)

������� 4 E(K, v0) ∼= G = F/R
���������

φ : E(K, v0) −→ G ��� df 	�
� KL * �CBEDF ,
[v0vi1vi2 · · · vikv0] 7→ (v0vi1)(vi1vi2) · · · (vikv0)� � �� � junxtaposition <= equivalence relation !# $ �9 ÝÞ � * � g6h79 é ®) 	�
� KL wy q[z � . ��

ψ : F −→ E(K, v0) Q# $ 	�
� KL * ��,.� .
(v, v′) 7→ αvvv

′α−1

v′� �«ìbí V�XY vertex v 1 � z � v0 /1032�4 v 79 : � �� � simplicial path αv Q# $ T /10J2�4�� {F����� * � dfdf 	�
� x �R���E,.� . T : ������� � vertex Q# $ z �[�� ���� * �3g6879 ψ
�� � R KL  ¡£¢ HI�¤¥ ¦ !# $ �� ¸_ 0 5679 �9���� g6h79

6



F/R
ψ̄
−→ E(K, v0) Q# $ induce ���� z � .

φ ◦ ψ̄ = id. ψ̄ ◦ φ = id. `baP �� � ���� -�� b®) ^_ `bac 56 g6h79 	�
�½�� : � ij (�k�m� �� Ñ Èc z � .
§©¨«ª� ¬ ������� 5 Let K be a finite connected simplicial complex. Then π1(|K|, v0)
is finitely presented.���������
π1(|K|, v0) = E = G

8 NFüòõô edge KL ¯® ^_ : �±°² ���� � �.g6h79 generator KL ¯® ^_ �� °² ����� � df , G KL relation � �³°² ���� � ��g6879 relation KL ¯® ^_ �� °² ���� � � z � . � �A��� 2�4 finitely
presented � � z � .
§©¨«ª� ¬ ������� 6 Let K be a connected graph. If T is a maximal tree in K, then
E(K, v0) is a free group generated by the 1-simplices in K − T .��������� � � �� � G KL 	�
� KL /10 KL¶µ�· 2�4 § HI´~��F * � z � .

T K − T

Note Let K be a finite connected graph, n1 be the number of 1-simplices in
K and n0 be the number of 0-simplices in K. Then
The number of 1-simplices in K−T = n1−(n0−1) = 1−(n0−n1) = 1−χ(K).

������� 7 Let p : X̃ → X be a covering. If X = |K| for some simplicial complex

K, then the simplicial complex structure of X can be lifted to X̃ in such a way
that p becomes a simplicial map.���������
simplex KL fundamental group �� � trivial � � z � . � �A��� 2�4 lifting Z�\] ^_ `bacedf X̃ /1032�4
�� locally µ
 ¡ : ®; � � Z�\]ê^_ `bac z � .
¶· ¸h¹�º 18 (Prove in detail.)
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§©¨«ª� ¬ ������� 8 1. Any subgroup of a free group is free.
2. Let F be a free group on n generators and F ′ be a subgroup of F of index
m. Then F ′ is a free group in 1−m+mn generators.
���������
1. ∃K, a connected graph such that π1(|K|) = F .
F ′ < F ⇒ ∃ a covering K ′ of K such that π1(K

′) = F ′ and K ′ is also a graph.
⇒ F ′ is free.

2. Can take K as a finite graph.
n = 1 − χ(K) and χ(K ′) = mχ(K) � �C��� 2�4 F ′ KL generator KL ¯® ^_ �� � 1 −
χ(K ′) = 1−mχ(K) = 1−m(1− n) = 1−m+mn � � z � .
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